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  Abstract  

  Fuzzy Planar Graph is an important subclass of fuzzy 
graph.  In this paper we introduced the concept 
“Domination in Strong and Isomorphic Fuzzy Planar 
Graph”.  It is combination of domination and fuzzy planar 
graph.  We discussed in this paper various properties like 
domination in fuzzy planar graph (γFP ), domination in 

strong fuzzy planar graph  γSFP  , domination in 

isomorphic fuzzy planar graph (γIFP ), domination in fuzzy 

planar graph with planarity. 
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I. INTRODUCTION 

           Graph Fuzzy graph and Planar graph are the sub-class of graph theory. Combination of 
these two graph is called “Fuzzy Planar Graph”. One of the fastest growing areas within 
graph theory is the study of domination.  

           We discussed the concept of dominating graph were introduced by V.R. Kulli and 
Bidarhalli Janakiraman[3]. We used the Concept Of Fuzzy Planar Graph with using planarity 
value is introduced by Sovan Samantha, Anita Pal, Madhumangal Pal [6] and Domination in 
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Fuzzy Graph is introduced by A.Somasundaram and S.Somasundaram [4]. In this paper we 
introduced the concept of Domination In Strong, Isomorphic Fuzzy Planar Graph. 

II.  PRELIMINARIES 

Definition: 2.1  

A finite graph is a graph 𝐺 = (𝑉, 𝐸) such that V and E are called vertices and edges 
finite sets. 

Definition: 2.2 

An infinite graph is one with an infinite set or edges or both.  Most commonly in 
graph theory, it is implied that the graphs discussed are finite. 

Definition: 2.3  If more than one edge joining two vertices is allowed, the resulting object is a 
multigraph[1].  Edges joining the same vertices are called multiple lines. 

 Definition: 2.4 

A drawing of a geometric representation of a graph on any surface such that no 
edges intersect is called embedding. 

Definition: 2.5 

              A graph G is planar [1] if it can be drawn in the plane with its edges only intersecting 
at vertices of G.  So the graph is non-planar if it cannot be drawn without crossings. 

Definition: 2.6 

A 𝒇𝒖𝒛𝒛𝒚 𝒔𝒆𝒕 𝑨 [2] on a universal set X is characterized by a mapping 𝑚: 𝑋 → [0,1], 
which is called the membership function.  A fuzzy set is denoted by 𝐴 = (𝑋, 𝑚). 

Definition: 2.7 

               A 𝒇𝒖𝒛𝒛𝒚 𝒈𝒓𝒂𝒑𝒉 [2] 𝐺 = (𝑉, 𝜎, 𝜇) is a non-empty set V together with a pair of 
function 𝜎: 𝑉 → [0,1] and 𝜇: 𝑉 × 𝑉 → [0,1] such that for all 𝑥, 𝑦 ∈ 𝑉, 𝜇(𝑥, 𝑦) ≤ 𝜎(𝑥)˄𝜎(𝑦) 
Where 𝜎(𝑥) and 𝜇(𝑥, 𝑦) represent the membership values of the vertex x and of the edge 
(𝑥, 𝑦) in G respectively. 

Definition: 2.8 

The fuzzy graph  𝐺 − (𝑉, 𝜎, 𝜇) , an edge (𝑥, 𝑦)  is called 𝒔𝒕𝒓𝒐𝒏𝒈  [5]  if 
1

2
{𝜎 𝑥 ˄𝜎 𝑦 } ≤ 𝜇(𝑥, 𝑦) and weak otherwise.  
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Definition: 2.9 

The order p [4] and size q [4] of a fuzzy graph 𝐺 = (𝜎, 𝜇) are defined to be 
𝑝 =  𝜎(𝑥)𝑥∈𝑉  and 𝑞 =  𝜇(𝑥𝑦)𝑥 ,𝑦∈𝐸 . 

Definition: 2.10 

𝑁 𝑥 = {𝑦 ∈ 𝑉 ⃓ 𝜇 𝑥𝑦 = 𝜎(𝑥)˄𝜎(𝑦)}  is called the neighborhood of x and 
𝑁 𝑥 = 𝑁 𝑥 ∪ {𝑥} is called the closed neighborhood of x[4]. 

Definition: 2.11 

If an edge (𝑥, 𝑦) of a fuzzy graph satisfies the condition 𝜇 𝑥, 𝑦 = 𝜎(𝑥)˄𝜎(𝑦), then 
this edge is called effective edge [6]. 

Definition: 2.12 

Two vertices are said to be effective adjacent [6] if they are the end vertices of the 
same effective edge. 

Definition: 2.13 

The minimum neighborhood degree is denoted by 𝛿𝑁  and maximum neighborhood 
degree is denoted by ∆𝑁  

 

Definition: 2.14 

A homomorphism *6+ between fuzzy graph G and G’ is a map ℎ: 𝑆 → 𝑆′ which satisfies 

𝜎(𝑥) ≤ 𝜎 ′(ℎ(𝑥)) for all 𝑥 ∈ 𝑆 and 𝜇(𝑥, 𝑦) ≤ 𝜇′(ℎ 𝑥 , ℎ(𝑦)) for all 𝑥, 𝑦 ∈ 𝑆 where S is set of 
vertices of G and 𝑆′ is that of 𝐺′. 

Definition: 2.15  

An isomorphism [6] between fuzzy graph is a bijective homomorphism ℎ: 𝑆 → 𝑆 ′ 

which satisfies 𝜎 𝑥 = 𝜎 ′ ℎ 𝑥   for all 𝑥 ∈ 𝑆 and 𝜇 𝑥, 𝑦 = 𝜇′(ℎ 𝑥 , ℎ(𝑦)) for   all 𝑥, 𝑦 ∈ 𝑆.   

Definition: 2.16 

  Let G be a fuzzy planar graph with planarity value f, [6] where 

𝑓 =
1

1+{𝐼𝑃1 +𝐼𝑃2 +⋯+𝐼𝑃𝑛 }
.    The range of f is 0 < 𝑓 ≤ 1. 

Here,   𝑃1 , 𝑃2, … . 𝑃𝑛  be the points intersections between the edges. 
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          In a graph 𝐺 = (𝑉, 𝜎, 𝐸) , E contains two edges 𝜇 𝑎, 𝑏  and 𝜇 𝑐, 𝑑 , which are 
intersected at a point P. 

         Strength of the fuzzy edge 𝐼(𝑎 ,𝑏) =
𝜇 (𝑎 ,𝑏)

{𝜎(𝑎)˄𝜎(𝑏)}
 . 

          The intersecting point at P is 𝐼𝑃 =
𝐼 𝑎 ,𝑏 +𝐼(𝑐 ,𝑑)

2
. 

 Results: 2.17 

 If there is no point of intersection for a geometrical representation of a fuzzy planar 
graph, then its fuzzy planarity value is 1. 

 If  𝜇 𝑤, 𝑥 = 1 (or near to 1) and 𝜇 𝑦, 𝑧 = 0 (near to 0), then we say that the fuzzy 
graph has no crossing. Then the crossing will not be important for planarity. 

 If 𝜇 𝑤, 𝑥 = 1 (or near to 1) and 𝜇 𝑦, 𝑧 = 1 (near to 1),  then the crossing will be 
important for planarity. 

 Strong fuzzy planar graph if 𝑓 is greater than or equal 0.5. 

 Otherwise weak. 

Definition: 2.18 

 Let 𝐺 = (𝑉, 𝐸) be a graph.  A set 𝐷 ⊆ 𝑉 is a 𝒅𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕 [3] of G if every 
vertex in 𝑉\𝐷 is adjacent to some vertex in D. 

Definition: 2.19 

  The 𝒅𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕 𝜸(𝑮) [3] of G is the minimum cardinality of a dominating set.  

Definition: 2.20 

            A dominating set D is a 𝒎𝒊𝒏𝒊𝒎𝒂𝒍 𝒅𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕 [3] if no proper subset 𝐷′ ⊂ 𝐷 is 
a dominating set of G. 

 

 

Definition: 2.21 

 Let 𝐺 = (𝑉, 𝜎, 𝜇) be a fuzzy graph on V. Let 𝑥, 𝑦 ∈ 𝑉, if x dominates y in G if 
μ x, y = σ x ˄σ y . A subset D of V is called a 𝒅𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕 [4] in G if for every 𝑣 ∉ 𝐷, 
there exists 𝑢 ∈ 𝐷 such that u dominates v.  

 

http://www.ijesm.co.in/
http://www.ijesm.co.in/


 

International Journal of Engineering, Science and Mathematics 
Vol. 7Issue 3, March 2018,  
ISSN: 2320-0294 Impact Factor: 6.765 
Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com          
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed 
at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A 

  
 

5 International Journal of Engineering, Science and Mathematics 

http://www.ijesm.co.in, Email: ijesmj@gmail.com 

 

Definition: 2.22 

The minimum fuzzy cardinality of a dominating set in G is called the dominating number [4] 
of G and is denoted by 𝛾(𝐺) or 𝛾.. 

Definition: 2.23 

  Let G be a fuzzy graph without isolated vertices.  A subset D of V is said to be a total 
dominating set[4] if every vertex in V is dominated by a vertex in D. 

            The total domination number of G is denoted by 𝛾𝑡 . 

III.  DOMINATION IN  FUZZY PLANAR GRAPH 

Definition: 3.1 

 If a graph G is said to be domination in fuzzy planar graph if   

 𝐺 = (𝑉, 𝜎, 𝜇) be a fuzzy planar graph with planarity value f 

 Let 𝑥, 𝑦 ∈ 𝑉, x dominates y in G then 𝜇(𝑥, 𝑦) ≤ 𝜎(𝑥)˄𝜎(𝑦) 

 A subset D of V is called a dominating set in G if for every 𝑦 ∉ 𝐷, there exist 𝑥 ∈ 𝐷 
such that x dominates y. 

 The minimum fuzzy cardinality of a dominating set in G is called the dominating 
number of G and is denoted by 𝛾𝐹𝑃 . 

Example 3.2 

 

   

 

                                                                                                                                                                                             

                                   

 

 

 

Fig 1. Fuzzy planar graph G1 with intersection              Fig 2. Fuzzy planar graph G2without 
intersection 
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 𝐺1 and 𝐺2are the same fuzzy planar graph. Planarity value = 0.588 

Dominating set = {c,e}, {a,e},{b}, {d} 

Minimum dominating number  𝛾𝐹𝑃 = 1 

Definition: 3.3 

  If a graph G is said to be domination in strong fuzzy planar graph if   

 𝐺 = (𝑉, 𝜎, 𝜇) be a fuzzy planar graph with planarity value f greater than 0.5 

 A subset D of V is called a dominating set in G if for every 𝑦 ∉ 𝐷, there exist 𝑥 ∈ 𝐷 
such that x dominates y. 

 The minimum fuzzy cardinality of a dominating set in G is called the dominating 
number of G and is denoted by 𝛾𝑆𝐹𝑃 . 

Definition: 3.4 

 If a graph 𝐺1and 𝐺2  is said to be domination in isomorphic fuzzy planar graph if   

 𝐺1and 𝐺2 be an isomorphic fuzzy planar graph 

 The minimum fuzzy cardinality of a dominating set in G is called the dominating 
number of G and is denoted by 𝛾𝐼𝐹𝑃 . 

Theorem: 3.5 

  For fuzzy planar graph,  𝑝 − 𝑞 ≤ 𝛾𝐹𝑃 ≤ 𝑝 − 𝛿𝐸  . Where 𝛾𝐹𝑃  be the minimum 
dominating number in fuzzy planar graph and  p, q and 𝛿𝐸  are the order, size and minimum 
effective incident degree of G respectively. 

Proof:  

 Let G be a fuzzy planar .  D be a dominating set and 𝛾𝐹𝑃  be a minimum dominating 
number in G. 

     Then the scalar cardinality of V-D is 𝛾𝐹𝑃  and  the scalar cardinality of   𝑉 × 𝑉  is 𝑝 − 𝑞 . 

                                   𝑝 − 𝑞 ≤ 𝛾𝐹𝑃       …………………….I 

     Let x be the vertex with minimum effective incident degree 𝛿𝐸 .  Clearly 𝑉 − {𝑥} is a 
dominating set and  

                                𝛾𝐹𝑃 ≤ 𝑝 − 𝛿𝐸       ……………..……..II 

From I and II 
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                                𝑝 − 𝑞 ≤ 𝛾𝐹𝑃 ≤ 𝑝 − 𝛿𝐸. 

Remark: 3.6 

  If all the vertices having the same membership value, then 𝑝 − 𝑞 ≤ 𝛾𝐹𝑃 ≤ 𝑝 − ∆𝐸 

Theorem: 3.7 

 Every dominating fuzzy planar graph (with the condition  𝜇 𝑥, 𝑦 = 𝜎 𝑥 ˄𝜎 𝑦 ) is the 
strong fuzzy planar graph according to calculating its strength. 

Proof: 

 Let G be a fuzzy planar graph. Then x dominates y if  𝜇 𝑥, 𝑦 = 𝜎 𝑥 ˄𝜎 𝑦 . 

      Hence the membership value of edge will be equal to the membership value of minimum 
vertex. Then the strength of an edge will be 1. 

      Strength 𝐼(𝑥 ,𝑦) =  
𝜇(𝑥 ,𝑦)

𝜎 𝑥 ˄𝜎(𝑦)
 

      A fuzzy planar graph is strong fuzzy planar graph if the planarity is greater than 0.5. 

      Then the strength of a strong fuzzy planar graph is 1, then the planarity will be 0.5.  

       Hence every dominating fuzzy planar graph is the strong fuzzy planar graph. 

Theorem: 3.8 

 Let G be a strong fuzzy planar graph with the minimum dominating set 𝛾𝑆𝐹𝑃 .   

Then  𝛾𝑆𝐹𝑃  ≥ 𝑝 − ∆𝑁. 

Proof:  

 Let G be a strong fuzzy planar graph with the minimum dominating set 𝛾𝑆𝐹𝑃 . Let v be 
a vertex such that 𝑑𝑁 𝑣 =  ∆𝑁. 

       Then 𝑉\𝑁(𝑣) is a dominating set of G. 

       Hence 𝛾𝑆𝐹𝑃  ≥ 𝑝 − ∆𝑁. 

Theorem: 3.9  

 For any fuzzy planar graph G, total dominating set of a fuzzy planar graph 𝛾𝑡𝐹𝑃 = 𝑝 if 
and only if every vertex of G has a unique neighbor. 
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 Proof:  

              Let G be a fuzzy planar graph with unique neighbor. 

If every vertex of G has unique neighbor then D is the only total dominating set of G. 

                So that  𝛾𝑡𝐹𝑃 = 𝑝. 

            Conversely, suppose 𝛾𝑡𝐹𝑃 = 𝑝 .  

 If there exists a vertex v with two neighbors x and y then, 𝑉 − {𝑥} is a total dominating set 
of G.  

So that 𝛾𝑡𝐹𝑃 < 𝑝 which is contradiction. 

Hence every vertex of fuzzy planar graph has unique neighbor. 

Theorem: 3.10 

  Let 𝐺1 and 𝐺2  be the two isomorphic fuzzy planar graph with the minimum 
dominating set 𝛾𝐼𝑃𝐹1

 and 𝛾𝐼𝑃𝐹2
.  Let 𝑓1 and 𝑓2 be the fuzzy planarity values.  Then 

a)  𝛾𝐼𝐹𝑃1
= 𝛾𝐼𝐹𝑃2

 

b)  𝑓1 = 𝑓2 

Proof:  

 Let 𝐺1and 𝐺2 be the isomorphic fuzzy planar graph. 

               i.e  𝐺1is isomorphic to 𝐺2. 

    Now isomorphism preserves size, weight of the edges and vertex of a fuzzy planar graph. 

        Hence, weight of the edges and vertex of 𝐺1 and 𝐺2 will be same. 

        Then we can draw 𝐺1 and 𝐺2 are similarly. 

        Hence, 𝛾𝐼𝐹𝑃1
= 𝛾𝐼𝐹𝑃2

 and  𝑓1 = 𝑓2.  
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VII. CONCLUSION 

 This study described the domination in fuzzy planar graph (𝛾𝐹𝑃), domination in strong fuzzy 
planar graph (𝛾𝑆𝐹𝑃 ), domination in isomorphic fuzzy planar graph (𝛾𝐼𝐹𝑃). Using the concept 
of finding the strength of an edge, we defined the strong fuzzy planar. We defined the 
relationship between maximum neighborhood degree and 𝛾𝑆𝐹𝑃 . Then we introduced the 
relation between the fuzzy planar graph with the planarity and domination in isomorphic 
fuzzy planar graph.  
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